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Abstract

This paper is a companion to a GDC 2008 Lecture with the samdittitl@vides a brief

overview of spherical harmonics (Sifid discusses several ways they can be used in interactive

graphics and problems that might arisk particularit focuses on the followingssues: How to
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efficient evaluation of SH products and where they might be ugdw most up to date version

is available on the web &ittp://www.ppsloan.org/publications

Introduction
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fields Spherical Harmonics are the solutions when restricted to the sphefleey have been

used to sole potential problems in physics, such as the heat equation (modeling the variation of
temperature over timg5][25]), and the gravitational and electric fiel@. They have also been
used in quantum chemistry and physics to model the electron configuration in atoms and model
guantum angular momenturfil6][51]. Closer to graphicthey have been useth model

scattering phenomenf/][17]. In computer graphics they have been extensively used, early

uses weran modelingvolumetricscatteringeffects[18], environmental re#ctionsfor micro-

Tl OS{ withaus gbBsdshadow$6], non-diffuse offline ligh transport simulationft0],

BRDF representationf§3], image rdéighting 28], image basedendering with controllable
lighting[54][55], and nodeling light source emissif#]. More recent examples include more

work in atmospheric scatterinfp0] and computer visior3].

The focusf this article is on technigues related to interactive renderifigpe first paper that

has been used extensively in games deals ugihg Sphéacal Harmonics to represent

irradiance environment maps efficiently, allowing foteractive rendering ofliffuse objects

under distantillumination[35]. Thiswat SEGSYyRSR (2 KFIyRftS  tAYAGSRK
sameconstraints[36]. Precomputed radiancaansfer (PRT}1][20][24] modek a staic
object/scenegesponse to dighting environmentoften represented using Skhcluding

complex global illumiation effects like sofshadows andnter-reflectionswith diffuse and

simple glossynaterials This was extended to handle more general BRDF m[aigj&3] [42],

lThey are the angular portion of the solution in spherical coordinates.
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incorporate subsurface scatteringd?], significantly improve rendergefficiency through

compression techniques from machine learnjdg]> I YR @ NA 2dza (G SOKYyAlj dzSa
texture like surface detailgl3][44][45]. SH have been used to model single scattering from

distant lighting environment9]. Other uses have been ursing gradients to lift the distant

lighting assumptioil], several techiquesaddressing dynamic objedis6][37] including

support for interreflections[46][33], as a representation of visibility to model shadogf

objects with general BRDF modfl&], using scaling operators to model shadows from

deformable object$52], as a parameterization of refracti¢hl] and as a technique to address

the level of detail problem with normal majps5].

More practical ppers includecovering implementation detaiffor PRT13], how to integrate
these techniques into an engirj@0], how to use SH+gradients for irradiance voluf8dg[32],
practical issues around projection ahdw to efficiently quantize SH coefficiefgl] and anice
paper thatprojects an analytickylight model34] into SH ad uses a global polynomial fa
evaluate the SH lightprobe as a function of the models paramé§idis Numerical techniques
for more robustly projection functions defined over the hemisphere using SH have also been
investigated22].

Many of the uses in redgime graphics are just as a convenient way for represergpigerical
functionsg visibility, lightingand reflectance While there are many other basis functions that
can be usedwavelets[39], wavelets on cubenaps[27], spherical radial basfanctions[9], and
others[26], spherical armonics have some nice properties that will lesdribed in this

document. Itis important to stress that there are scenarios where these other basis functions
are more appropriate.

While spherical harmoniagray seem somewhat dating, they are actuallgtraightforward.

They are the spherical analog to the Fourier basis on the unit circle, and are easy to evaluate
numerically. Like the Fourier basis used in signal processing, care has to be taken when

truncating the series (which will always be dan®@A RS2 31 YSa0X G2 YAYAYAT S
artifacts that can occur. This argalill describe how to evaluate and represéights efficiently

using spherical harmonidspw to pull conventional lights out of a SH representatidescribe

d NR& vy 3 A Y igationlteghRiquasXoiminimiziés impact, and go over products of functions

using spherical harmonics, describing where they are useful and special cases that are worth
optimizing for.

Background
Definition Spherical Harmonics define an orthonorAtadsi over the sphereS Using the
parameterization

s=(x,y,z) = (sinf cos¢,sinf sing, cos )

2 An orthonormal basis is one that has the propeftf/l-fj = §;;, that is one if==j and zero otherwise.

j



Wheresare simply locations on the unit spher&hebasis functions are defined as
Y6, 9) = K{"e™P™ (cos0),l EN,~l <m < |

WhereP/" are the assoiated Legendre polynomials ai@"* are the normalization constants

. J(zz+ 1)l — [ml)!

t an(l + |m])!

The above definition is for the complex form (most commonly used imémegraphics
literature), a real valued basis is given by the transformation

VZRe(™ m >0 ( V2K™ cosmg P™(cos8) ;> o
Y =< V2Im(™) m < 0 = { VZK™ sin|m| P™ (cos@) m < 0
yp m=0 KPP (cos6) m=0
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zero is just a constant function, 1 is limgetc.) and there arel21functions in a given band.

While spherical coordinates are convenient when computing integrals, they can also be

represented using polynomials, as is commonly done whetuatiag them (seeAppendix Al

Recursive Rules for Evaluating SH Basis Funeatim#sppendix AZPolynomial Forms of SH Basis

for details.) An order n SH expansion uses all of the basis functions through dedree n

N ¢




Spherical Harmonics can be visualized in a couple of ways. One standard way is to distort a unit
sphere, byscaling each point radialy by the absolute value of the function and coloring it based
on the sign (red for positive, blue for negative.) Above are images of the first three bands using
this technique.

The functiorsin the central column (I1=0) are called zonal harmonics (ZH) and will be discussed
later, these functions have rotational symmetry around the z axis andehas (locationsvhere

the function is zerogre contours on the sphere parallel to the XY plafke functionsvhere

(I=] m| ) are cdled sectorial harmonicandthe zeros define regions like apple slices.

An alternative visualization is to draw them using the parameterization of a cube map unfolded
onto the plane.The unfolding of the cube map is afidws:

X| -Z | +x

+Z
Here magnitude is encoded with color (red positive, blue negative, zero green) ainteissity
contours have been evenly placed (white lines) to give more intuition for the gradient of the
function (when they bunch tagher the function is changing faster, etc.)




Projection and ReconstructiorBecause the SH basis is orthonorthal least squares
projection ofa scalar functiori defined overSis done by simply integrating the functigou
want to project,f (s), against the basis functiorfproof in Appendix A6Least Squares
Projection

fm = f F()y(s) ds

These coefficients cdpe used to reconstruct an approximation of the function

n l
F& =) > e
=0 m=-1
Which is increasingly accurate as the number of banidsreases. This paper concentrates on
low-frequency approximations tf for higher fregiency representatios other basse tend to do
a better job. Projection to-th order generates?’ coefficients. It is often convenient to use a

single indexor both the projection coefficients and the basis function, via

2

F) =) o)
i=0

Wherei=I(I+1)+m This formulation makes it clear that evaluating at direction s of the
approximate function is simply a dot product between tifeoefficient vectorf; and the vector

of evaluated basis functiong(s) The first coefficientfy or f, depending orindexing)

represents the average value of the function over the sphere and will sometimes be referred to
as the DC term.

Basic PropertiesOne important property of SH is how projections iratet with rotations.

Given a functiom(s) which represents auhctionf(s)rotated by a rotation matrix, sog(s) =

f(Q(s))the projection ofg is identical to rotatingf and reprojecting it. This rotational

invariance is similar to the translational invariance in the Fourier transform. This means that, for
exarLJt S fAIKGAYy3I gAff 06S adGFo0fS dzyRSNI NRGFGA2Y A
Go200f Ay3¢ 2 F BéldwSre imagasoiia spherdiNiiBadedby a directional light

source, the top row is using SH, the bottom row is using the AmKiahe basisrom Valve

[26]. The first column is a best case orientationgddhe second is near a worsase one. The

image is invariant using SH. This basis is discussed in more detaiteindix A%Ambient Cube

Basis This will happen to some extewith any other basis defined over the sphere.

% This basis is more efficient to evaluate compared to SH, having 6 basis functions with only 3 being non
zero at any point on the sphere.
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Due to the orthonormality of the SH basis, given any two SH funaiiang b, the integral of
the product is simply the dot product of the coefficient vectofg(s)b(s) = Z?jo a;b;

Convolution Given a kernel functioh(z) that has circular symmetry, you can generate a new SH
function that is the result of convolving the kernel with an original functionmust have

circular symmetry for the result of the convolution &lso beepresentedon the sphereS

instead of the rotation grousQ3). The convolution can be done directly in the frequency
domain using the following equation:

4
(NP = g A"

This amounts to simply scaling each banélwf the corresponding m=0 term from

Rotation As mentioned before, the SH are closed under rotation. SH rotation matrices are in a
block structure, where each band is rotationally independent and has a dense (2l1+1)x(2H1) sub
matrix. There are severalays to compute these rotation matrices, for very small orders
(quadratic and less) doing so symbolicalinast efficient but for higher orders it seems to be
more efficient to decompose the rotation matrix into Zyalerangleq19].

Zonal HarmonicsSpherical harmonic projections afrfctions that have rotational symmetry
around an axigre called Zonal Harmoni¢gH) If they are oriented so that this axis Z, the



zeros of the function will form lines of constant latitude and the functions only deparél

The coefficient vector in this orientation only has one +z@no per band, so ath order

function hasn instead ofn? coefficients. Zonal Harmonickave been used to approximate
transfer[44], and are the common representation of phase functions in scattering theory
[7][17], they will be used extensively in this paper when modeling light sources. Rotation of
Zonal Harmonics is simpler than general SH, it can be done with what is effectively atiagon
matrix and only requires evaluating the SH basis functions in the new direttiGiven the ZH
coefficients of a function (only the m=0 terms from an SH projectighgan be rotated to a

new directiond using this equation:

4
f®=2m%%i}ﬁ%ﬁﬂ
l m

So the resulting SH coefficients are:
’ 4n
m _ | m
f:l - Zl + 1 Zlyl (d)

SH ProductsThek™ coefficient of the product of two functionsandg represented using™
order SH projected into SH has the following form:

Pk ZJ.)’k(S) ifi)’i(s) igj}’j(s) ds:zrijkfi.gj
i=0 j=0 ij

WhereT is the triple product tensor:

Im=jw®w®m®$

an order 3 sparse symmetric tensor. Since SH are polynomials, the polynomial product will have
maximal degree 22, which means it will haveon-zero coefficients through ordem2l. This
becomes unwieldy as the number of functions being multiplied grows, so it is common to
truncate the product early56][37].The number of notzero coefficients as a function ofis

quite large[47][37] so care has to be taken when generating efficient code. One special case
that is useful to point out is that the functionf is fixed (ie: distant lighting) you can compute a

G LINE R dzO ¥, whithiwN3idghiicantly reduce the cost. This matrisyismetric anduilt

using the following equation:

(Mp)j; = Z Tijifi
R

Computing the product with a functiogin this case is 8iply a matrix vector product.



Irradiance Environment Maps

An irradiance environment map is created by convolving a light probe with a clamped cosine
function; this should be normalized by dividingrbto display radiance. This convolution can be
done eficiently usingSH[35], and is accurate enough to be efficiently rendered directly from SH
as well. Order 3 SH do a good job approximating this kernel, buRfligbt sources are going

to be used you might want to consider using Order 5 (the order 4 ZH coefficient is zero so that
band can be skipped.) Below are images of the clamped cosine kernel and the order 3 SH
approximation, the red curve is the SH appnoation, the figure on the left is a plot as a

function of theta, on the right a polar plot scaled by the absolute value of the function:
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Below are plots that also includes the Order 5 projection (blue):

04

029




The Order 3 SH approximation owstimates by 1/18 at theta=0 (north pole) and has a
spurious lobe at the south pole with magnitude of 1F16A directional light source that would
reflect a value of 17 when a normal points at it would reflect a value of 1 pointing in the
opposite diretion (should be reflecting 0.) The order 5 approximation has a negative lobe,
which would reflectl with a directional light that would reflect 31 with a normal pointing right
at it. While these approximations are accurate, the approximation can euse particularly

if very bright light sources are being used.

Appendix Al@Ghader/CPU code for Irradiance Environment Megritains shader and CRidde
for efficiently evaluating irradiance environment maps.

Lighting Models

There are various ways of representing lighting in SH. The simplest is to just project from a cube
map, but there are also analytic models that are inexpensive to evaluatearadtjally useful

to expose to artistsA recent papefl4] does a nice job of projecting a practical skylight model

[34] into SH and fits a global polynomial of the SH coefficients over the parameter space of the
model.

Projection from Cube Maps

To project from a cube map you simply need to integrate the SH basis funatjaimst the cube
map. This can be done numerically by evaluate the SH basis functions in the direction of each
texel center, weight it by the differential solid angle for that texel and normalize the results. In
pseudocode:

float  f[],s[];
float fWtSum=0;
Foreach(cube map face)
Foreach(texel)
float fTmp = 1 + u"2+v"2;
f loat fwt = 4/(sqrt(fTmp)*fTmp);
EvalSHBasis(texel,s);
f+=  t(texel)* fwt*s; // vector
fWtSum += fwit;
f *= 4*Pi/fWtSum; // area of sphere

In the code above u and v represent theotaoordinates on the giveface that are not +1°,

t(texel) is the texel colarEvalSHBasis needs to normaliee input coordinate ¢n a cube face),

and simply evaluate the SH basis functions in that directidre last normalization can be

omitted (instead you can just divide by the number of samples), since the normalized sum of the

*le: an the +X face, it would be ylz, etc.



differential solid angles should be 4*Pi, but it tends to be a little off (particularly when using low
resolution cube maps.)

Below are images of the reconstructiohaHDR light probe into ordel to 6 Spherical
Harmonics.The final image is the light probe that was projected.

Analytic Models
Directional lights are trivial to compute, ysimply evaluate the SH basis functions in the given
directionand scale appropriately (séérmalizationsection) Spherical Light sources can be
efficiently evaluated using zonal harmonics. Belowdagram showing an example scene, we
want to compute the incident radianca spherical function,
at the receiver point P Given a spherical light source with
center Cradius r, what is the radiance arriving at a point P d
units away? The sin of the halfhgle subtended by the light
source is r/d, so you just need to compute a light source that
subtends an appropriate part of the sphere. The ZH
d coefficients can be comyped in closed fan as a function of

this anglez, = [\ f;:o y?ded6 whereais the halfangle

subtended. 8eAppendix AZH Coefficients for Spherical

P Light Sourcdor the expressions through order 6.

Figurel Spherical Light Source



