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Abstract  
This paper is a companion to a GDC 2008 Lecture with the same title.  It provides a brief 

overview of spherical harmonics (SH) and discusses several ways they can be used in interactive 

graphics and problems that might arise.  In particular it focuses on the following issues:  How to 

ŜǾŀƭǳŀǘŜ ƭƛƎƘǘƛƴƎ ƳƻŘŜƭǎ ŜŦŦƛŎƛŜƴǘƭȅ ǳǎƛƴƎ {IΣ ǿƘŀǘ άǊƛƴƎƛƴƎέ ƛǎ ŀƴŘ ǿƘŀǘ ȅƻǳ Ŏŀƴ Řƻ ŀōƻǳǘ ƛǘΣ 

efficient evaluation of SH products and where they might be used.  The most up to date version 

is available on the web at http://www.ppsloan.org/publications  

Introduction  
Harmonic functions [2]Σ ǘƘŜ ǎƻƭǳǘƛƻƴǎ ǘƻ [ŀǇƭŀŎŜΩǎ ŜǉǳŀǘƛƻƴΣ ŀǊŜ ǳǎŜŘ ŜȄǘŜƴǎƛǾŜƭȅ ƛƴ ǾŀǊƛƻǳǎ 

fields.  Spherical Harmonics are the solutions when restricted to the sphere1.   They have been 

used to solve potential problems in physics, such as the heat equation (modeling the variation of 

temperature over time [5][25]), and the gravitational and electric fields[9].  They have also been 

used in quantum chemistry and physics to model the electron configuration in atoms and model 

quantum angular momentum [16][51].  Closer to graphics they have been used to model 

scattering phenomena [7][17].  In computer graphics they have been extensively used, early 

uses were in modeling volumetric scattering effects [18], environmental reflections for micro-

ŦŀŎŜǘ .w5CΩǎ without global shadows[6], non-diffuse off-line light transport simulations[40], 

BRDF representations [53], image relighting[28], image based rendering with controllable 

lighting [54][55], and modeling light source emission[8].  More recent examples include more 

work in atmospheric scattering [50] and computer vision [3].   

The focus of this article is on techniques related to interactive rendering.  The first paper that 

has been used extensively in games deals with using Spherical Harmonics to represent 

irradiance environment maps efficiently, allowing for interactive rendering of diffuse objects 

under distant illumination [35].  This waǎ ŜȄǘŜƴŘŜŘ ǘƻ ƘŀƴŘƭŜ ŀ ƭƛƳƛǘŜŘ Ŏƭŀǎǎ ƻŦ .w5CΩǎ ǿƛǘƘ ǘƘŜ 

same constraints [36].  Precomputed radiance transfer (PRT) [41][20][24] models a static 

object/scenes response to a lighting environment, often represented using SH, including 

complex global illumination effects like soft-shadows and inter-reflections with diffuse and 

simple glossy materials.  This was extended to handle more general BRDF models [20][23] [42], 
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 They are the angular portion of the solution in spherical coordinates. 

http://www.ppsloan.org/publications


incorporate sub-surface scattering [42], significantly improve rendering efficiency through 

compression techniques from machine learning [42]Σ ŀƴŘ ǾŀǊƛƻǳǎ ǘŜŎƘƴƛǉǳŜǎ ǘƻ ƳƻŘŜƭ άƭƻŎŀƭέ 

texture like surface details [43][44][45].  SH have been used to model single scattering from 

distant lighting environments [49].  Other uses have been in using gradients to lift the distant 

lighting assumption [1], several techniques addressing dynamic objects [56][37] including 

support for inter-reflections [46][33], as a representation of visibility to model shadowing of 

objects with general BRDF models [12], using scaling operators to model shadows from 

deformable objects [52], as a parameterization of refraction [11] and as a technique to address 

the level of detail problem with normal maps [15].   

More practical papers include covering implementation details for PRT [13], how to integrate 

these techniques into an engine [30], how to use SH+gradients for irradiance volumes [31][32], 

practical issues around projection and how to efficiently quantize SH coefficients [21] and  a nice 

paper that projects an analytic skylight model [34] into SH and uses a global polynomial fit to 

evaluate the SH lightprobe as a function of the models parameters [14].  Numerical techniques 

for more robustly projection functions defined over the hemisphere using SH have also been 

investigated [22]. 

Many of the uses in real-time graphics are just as a convenient way for representing spherical 

functions ς visibility, lighting and reflectance.  While there are many other basis functions that 

can be used, wavelets [39], wavelets on cube maps [27], spherical radial basis functions [9], and 

others [26], spherical harmonics have some nice properties that will be described in this 

document.  It is important to stress that there are scenarios where these other basis functions 

are more appropriate. 

While spherical harmonics may seem somewhat daunting, they are actually straightforward.  

They are the spherical analog to the Fourier basis on the unit circle, and are easy to evaluate 

numerically.  Like the Fourier basis used in signal processing, care has to be taken when 

truncating the series (which will always be done in ǾƛŘŜƻ ƎŀƳŜǎύΣ ǘƻ ƳƛƴƛƳƛȊŜ ǘƘŜ άǊƛƴƎƛƴƎέ 

artifacts that can occur.  This article will describe how to evaluate and represent lights efficiently 

using spherical harmonics, how to pull conventional lights out of a SH representation, describe 

άǊƛƴƎƛƴƎέ ŀƴŘ Ƴƛǘigation techniques to minimize its impact, and go over products of functions 

using spherical harmonics, describing where they are useful and special cases that are worth 

optimizing for. 

Background  
Definition  Spherical Harmonics define an orthonormal2 basis over the sphere, S.  Using the 

parameterization 
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 An orthonormal basis is one that has the property , that is one if i==j, and zero otherwise. 



Where s are simply locations on the unit sphere.  The basis functions are defined as 

 

Where  are the associated Legendre polynomials and  are the normalization constants 

 

The above definition is for the complex form (most commonly used in the non-graphics 

literature), a real valued basis is given by the transformation 

 

The index l ǊŜǇǊŜǎŜƴǘǎ ǘƘŜ άōŀƴŘέΦ  9ŀŎƘ ōŀƴŘ ƛǎ ŜǉǳƛǾŀƭŜƴǘ ǘƻ ǇƻƭȅƴƻƳƛŀƭǎ ƻŦ ǘƘŀǘ ŘŜƎǊŜŜ όǎƻ 

zero is just a constant function, 1 is linear, etc.) and there are 2l+1 functions in a given band.   

While spherical coordinates are convenient when computing integrals, they can also be 

represented using polynomials, as is commonly done when evaluating them (see  Appendix A1 

Recursive Rules for Evaluating SH Basis Functions and Appendix A2 Polynomial Forms of SH Basis 

for details.)  An order n SH expansion uses all of the basis functions through degree n-1. 

  

 

  

 

   

 

     



Spherical Harmonics can be visualized in a couple of ways.  One standard way is to distort a unit 

sphere, by scaling each point radialy by the absolute value of the function and coloring it based 

on the sign (red for positive, blue for negative.)  Above are images of the first three bands using 

this technique. 

The functions in the central column (l=0) are called zonal harmonics (ZH) and will be discussed 

later, these functions have rotational symmetry around the z axis and the zeros (locations where 

the function is zero) are contours on the sphere parallel to the XY plane.  The functions where 

(l=| m| ) are called sectorial harmonics and the zeros define regions like apple slices. 

An alternative visualization is to draw them using the parameterization of a cube map unfolded 

onto the plane.  The unfolding of the cube map is as follows: 

 +Y  

-X -Z +x 

 -Y  

 +Z  

Here magnitude is encoded with color (red positive, blue negative, zero green) and iso-intensity 

contours have been evenly placed (white lines) to give more intuition for the gradient of the 

function (when they bunch together the function is changing faster, etc.)   

  

 

  

 

   

 

     



 

Projection and Reconstruction  Because the SH basis is orthonormal the least squares 

projection of a scalar function f defined over S is done by simply integrating the function you 

want to project, , against the basis functions (proof in Appendix A6 Least Squares 

Projection) 

 

These coefficients can be used to reconstruct an approximation of the function f 

 

Which is increasingly accurate as the number of bands n increases.  This paper concentrates on 

low-frequency approximations to f, for higher frequency representations other bases tend to do 

a better job.  Projection to n-th order generates n2 coefficients.  It is often convenient to use a 

single index for both the projection coefficients and the basis function, via 

 

Where i=l(l+1)+m .  This formulation makes it clear that evaluating at direction s of the 

approximate function is simply a dot product between the n2 coefficient vector fi and the vector 

of evaluated basis functions yi(s).  The first coefficient (  or  depending on indexing) 

represents the average value of the function over the sphere and will sometimes be referred to 

as the DC term. 

Basic Properties  One important property of SH is how projections interact with rotations.  

Given a function g(s), which represents a function f(s) rotated by a rotation matrix Q, so g(s) = 

f(Q(s)) the projection of g is identical to rotating  and re-projecting it.  This rotational 

invariance is similar to the translational invariance in the Fourier transform.  This means that, for 

examǇƭŜΣ ƭƛƎƘǘƛƴƎ ǿƛƭƭ ōŜ ǎǘŀōƭŜ ǳƴŘŜǊ ǊƻǘŀǘƛƻƴǎΣ ǎƻ ǘƘŜǊŜ ǿƻƴΩǘ ōŜ ŀƴȅ ŀƭƛŀǎƛƴƎ ŀǊǘƛŦŀŎǘǎ ƻǊ 

άǿƻōōƭƛƴƎέ ƻŦ ǘƘŜ ƭƛƎƘǘ ǎƻǳǊŎŜǎΦ  Below are images of a sphere illuminated by a directional light 

source, the top row is using SH, the bottom row is using the Ambient Cube basis3 from Valve 

[26].  The first column is a best case orientation, and the second is near a worst case one.  The 

image is invariant using SH.  This basis is discussed in more details in Appendix A9 Ambient Cube 

Basis.  This will happen to some extent with any other basis defined over the sphere. 
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 This basis is more efficient to evaluate compared to SH, having 6 basis functions with only 3 being non-

zero at any point on the sphere. 



SH 

  

HL2 

  
 άƎƻƻŘέ άōŀŘέ 

 

Due to the orthonormality of the SH basis, given any two SH functions a and b, the integral of 

the product is simply the dot product of the coefficient vectors:  

Convolution  Given a kernel function h(z) that has circular symmetry, you can generate a new SH 

function that is the result of convolving the kernel with an original function f.  h must have 

circular symmetry for the result of the convolution to also be represented on the sphere S, 

instead of the rotation group SO(3).  The convolution can be done directly in the frequency 

domain using the following equation: 

 

This amounts to simply scaling each band of f by the corresponding m=0 term from h. 

Rotation  As mentioned before, the SH are closed under rotation.  SH rotation matrices are in a 

block structure, where each band is rotationally independent and has a dense (2l+1)x(2l+1) sub-

matrix.  There are several ways to compute these rotation matrices, for very small orders 

(quadratic and less) doing so symbolically is most efficient, but for higher orders it seems to be 

more efficient to decompose the rotation matrix into zyz Euler angles [19]. 

Zonal Harmonics  Spherical harmonic projections of functions that have rotational symmetry 

around an axis are called Zonal Harmonics (ZH.)  If they are oriented so that this axis is Z, the 



zeros of the function will form lines of constant latitude and the functions only depend on .  

The coefficient vector in this orientation only has one non-zero per band, so a n-th order 

function has n instead of n2 coefficients.  Zonal Harmonics have been used to approximate 

transfer [44], and are the common representation of phase functions in scattering theory 

[7][17], they will be used extensively in this paper when modeling light sources.  Rotation of 

Zonal Harmonics is simpler than general SH, it can be done with what is effectively a diagonal 

matrix and only requires evaluating the SH basis functions in the new direction d.  Given the ZH 

coefficients of a function (only the m=0 terms from an SH projection) zl it can be rotated to a 

new direction d using this equation: 

 

So the resulting SH coefficients are: 

 

SH Products  The kth coefficient of the product of two functions f and g represented using nth 

order SH projected into SH has the following form: 

 

Where  is the triple product tensor: 

 

an order 3 sparse symmetric tensor.  Since SH are polynomials, the polynomial product will have 

maximal degree 2n-2, which means it will have non-zero coefficients through order 2n-1.  This 

becomes unwieldy as the number of functions being multiplied grows, so it is common to 

truncate the product early [56][37].The number of non-zero coefficients as a function of n is 

quite large [47][37] so care has to be taken when generating efficient code.  One special case 

that is useful to point out is that if the function f is fixed (ie: distant lighting) you can compute a 

άǇǊƻŘǳŎǘ ƳŀǘǊƛȄέ  which will significantly reduce the cost.  This matrix is symmetric and built 

using the following equation:  

 

Computing the product with a function g in this case is simply a matrix vector product. 



Irradiance Environment Maps  
An irradiance environment map is created by convolving a light probe with a clamped cosine 

function; this should be normalized by dividing by  to display radiance.  This convolution can be 

done efficiently using SH [35], and is accurate enough to be efficiently rendered directly from SH 

as well.  Order 3 SH do a good job approximating this kernel, but if HDR light sources are going 

to be used you might want to consider using Order 5 (the order 4 ZH coefficient is zero so that 

band can be skipped.)  Below are images of the clamped cosine kernel and the order 3 SH 

approximation, the red curve is the SH approximation, the figure on the left is a plot as a 

function of theta, on the right a polar plot scaled by the absolute value of the function: 

  
 

Below are plots that also includes the Order 5 projection (blue): 

  



The Order 3 SH approximation over estimates by 1/16th at theta=0 (north pole) and has a 

spurious lobe at the south pole with magnitude of 1/16th.  A directional light source that would 

reflect a value of 17 when a normal points at it would reflect a value of 1 pointing in the 

opposite direction (should be reflecting 0.)  The order 5 approximation has a negative lobe, 

which would reflect -1 with a directional light that would reflect 31 with a normal pointing right 

at it.  While these approximations are accurate, the approximation can cause error, particularly 

if very bright light sources are being used.   

Appendix A10 Shader/CPU code for Irradiance Environment Maps contains shader and CPU code 

for efficiently evaluating irradiance environment maps. 

Lighting Models  
There are various ways of representing lighting in SH.  The simplest is to just project from a cube 

map, but there are also analytic models that are inexpensive to evaluate and potentially useful 

to expose to artists.  A recent paper [14] does a nice job of projecting a practical skylight model 

[34] into SH and fits a global polynomial of the SH coefficients over the parameter space of the 

model. 

Projection from Cube Maps  
To project from a cube map you simply need to integrate the SH basis functions against the cube 

map.  This can be done numerically by evaluate the SH basis functions in the direction of each 

texel center, weight it by the differential solid angle for that texel and normalize the results.  In 

pseudo-code: 

float f[],s[];  

float fWtSum=0;  

Foreach(cube map face)  

 Foreach(texel)  

  f loat fTmp = 1 + u^2+v^2;  

  f loat fWt = 4/(sqrt(fTmp)*fTmp);  

  EvalSHBasis(texel,s);  

  f += t(texel)* fWt*s; // vector  

  fWtSum += fWt;  

f *= 4*Pi/fWtSum; // area of sphere  

 

In the code above u and v represent the two coordinates on the given face that are not +/- 14, 

t(texel) is the texel color. EvalSHBasis needs to normalize the input coordinate (on a cube face), 

and simply evaluate the SH basis functions in that direction.  The last normalization can be 

omitted (instead you can just divide by the number of samples), since the normalized sum of the 
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 Ie: on the +X face, it would be y/z, etc. 



Figure 1 Spherical Light Source 
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differential solid angles should be 4*Pi, but it tends to be a little off (particularly when using low 

resolution cube maps.)   

Below are images of the reconstruction of a HDR light probe into order 1 to 6 Spherical 

Harmonics.  The final image is the light probe that was projected. 
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Analytic Models  
Directional lights are trivial to compute, you simply evaluate the SH basis functions in the given 

direction and scale appropriately (see Normalization section.)  Spherical Light sources can be 

efficiently evaluated using zonal harmonics.  Below is a diagram showing an example scene, we 

want to compute the incident radiance, a spherical function, 

at the receiver point P.  Given a spherical light source with 

center C, radius r, what is the radiance arriving at a point P d 

units away?  The sin of the half-angle subtended by the light 

source is r/d, so you just need to compute a light source that 

subtends an appropriate part of the sphere.  The ZH 

coefficients can be computed in closed form as a function of 

this angle:  where a is the half-angle 

subtended.  See Appendix A3 ZH Coefficients for Spherical 

Light Source for the expressions through order 6. 


